Abstract. We consider continuous linear programs over continuous time finite horizon T , with linear cost coefficient functions and linear right hand side functions and a constant coefficient matrix, together with their symmetric dual. We search for optimal solutions in the space of measures or of functions of bounded variation. These models generalize the separated continuous linear programming models and their various duals, as formulated in the past by Anderson, by Pullan, and by Weiss. In a recent paper we have shown that under a Slater type condition, these problems possess optimal strongly dual solutions. In this paper we give a detailed description of optimal solutions and define a combinatorial analog to basic solutions of standard LP. We also show that feasibility implies existence of strongly dual optimal solutions without requiring the Slater condition. We present several examples to illustrate the richness and complexity of these solutions.
1. Introduction. This paper continues our research in a recent paper [13] 
(β + (T − t)b)
T dP(t)
M-CLP * s.t. A T P(t) ≤ γ + ct, 0 ≤ t ≤ T, (2) P(t) ≥ 0, P(t) non-decreasing and right continuous on [0,T].
Here A is a K × J constant matrix, β , b, γ, c are constant vectors of corresponding dimensions and the integrals are Lebesgue-Stieltjes. The unknowns are vectors of cumulative control functions U and P, over the time horizon [0, T ]. By convention we take U(0−) = 0, P(0−) = 0. It is convenient to think of the dual as running in reversed time, so that P(T −t) corresponds to U(t).
These problems are special cases of continuous linear programs (CLP) formulated by Bellman in 1953 [4] , and further discussed and investigated in [2, 3, 5, 6, 7, 8, 9, 10, 11, 12, 14] .
In [13] it was shown that if the primal and dual satisfy a Slater type condition, then optimal solutions exist, and strong duality holds. Furthermore, the optimal solutions can be chosen to be absolutely continuous on (0, T ) with jumps, i.e. impulse controls only at 0 and T . It was also pointed out that the M-CLP formulation generalizes the SCLP (separated continuous linear programs) of [1, 8, 14] In this paper we focus on a detailed description of the solutions of M-CLP and M-CLP * , and we present detailed examples that illustrate the surprising richness and complexity of these solutions.
Our contributions in this paper are:
• Identify an extreme point (vertex) of M-CLP with a finite sequence of bases of an associated LP.
• Give a detailed description of the optimal solution as it is computed for a given base-sequence.
• Derive the validity region of a base-sequences as a convex polyhedral cone of model parameters for which the base-sequence is optimal.
• Give a simple non-degeneracy criterion, and prove uniqueness of the solution when it holds.
• Show that strong duality holds for any feasible pair M-CLP/M-CLP * , without requiring the Slater type condition of [13] .
• Point out the relation of M-CLP to SCLP, and illustrate by examples how M-CLP can solve SCLP problems which are not strongly dual.
• Analyze in detail all one dimensional M-CLP problems, and illustrate a complete solution of a 2 dimensional M-CLP. Further research to develop a simplex-type algorithm for M-CLP, based on our identification of vertices as base sequences, is in progress.
Preliminaries.
In this section we state some definitions and briefly summarize the results of [13] on M-CLP/M-CLP * .
• Complementary slackness. DEFINITION 2. 
x(T − t)
T dP(t) = T 0 q(T − t) T dU(t) = 0.
Optimal solutions are always complementary slack, and any feasible complementary slack solutions are optimal.
• Feasibility and non-degeneracy. Throughout the paper we will make following assumption: ASSUMPTION 2.2 (Feasibility). Both M-CLP and M-CLP * are feasible for target time horizon T . • Criterion for feasibility:. THEOREM 2.5 (Theorem 3.2 in [13] ). M-CLP is feasible if and only if the following Test-LP is feasible.
• Slater type condition:. DEFINITION 2.6. We say that M-CLP satisfies Slater type condition, if (4) has a feasible solution u,U such that β − Au ≥ α and β + bT − Au − AU ≥ α for some α > 0.
• Existence of strongly dual optimal solutions:. THEOREM 2.7 (Theorem 4.7 in [13] ). Under Slater type condition 2.6 both M-CLP and M-CLP * have optimal solutions, and there is no duality gap.
• Partial characterization of the solutions:. THEOREM 2.8 (Proposition 5.2 and Theorem 5.5. in [13] ). If M-CLP/M-CLP * have optimal solutions U O (t), P O (t), then:
is concave piecewise linear on (0, T ) with a finite number of breakpoints.
(ii) There exists an optimal solution with U * (t) continuous piecewise linear on (0, T ).
(iii) Under the non-degeneracy assumption 2.3, every optimal solution is of this form, and furthermore,
3. Detailed description of the solution. In this section we give a detailed description of the solution. We start by discussing the proposed form of the solution, and define base sequences in Section 3.1. These base sequences play a role analogous to bases in standard linear programming. We then formulate and prove in Section 3.2 the structure theorem (Theorem 3.1), stating that a solution is optimal if and only if it is obtained from a base sequence. Two useful corollaries on boundary values then follow in Section 3.3. In Section 3.4 we show that under non-degeneracy assumption the solution is unique. Finally in Section 3.5 we define validity regions for base sequences and show that they are given by a convex polyhedral cone of boundary values.
3.1. Base sequences. We consider solutions of M-CLP/M-CLP * that consist of impulse
dt , and continuous piecewise linear states x(t) = β + bt − AU(t), q(t) = A T P(t) − γ − ct (the slacks in (1), (2)) with possible discontinuities at T . We refer to the set of values of controls and states at t = 0 and t = T as the boundary values. The time horizon [0, T ] is partitioned by 0 = t 0 < t 1 < . . . < t N = T which are the breakpoints in the rates u, p and in the slopes of x, q. We denote the values of the states at the breakpoints by x n = x(t n ), n = 0, . . . , N − 1, and q n = q(T − t n ), n = 1, . . . , N. Because there may be a discontinuity at T we denote the values at T itself by x N = x(T ), q 0 = q(T ), and let x N = x(T −), q 0 = q(T −) be the values of the limit as t T . The constant slopes of the states and the constant values of the control rates for each interval are denoteḋ x n = dx(t) dt , u n = u(t), t n−1 < t < t n andq n = dq(t) dt , p n = p(t), T − t n < t < T − t n−1 . Recall that the dual is running in reverse time, though we have labelled the intervals n = 1, . . . , N in the direction of the primal problem.
For solutions of this form the solution is fully described by giving the boundary values, the rates for each interval, and the lengths of the intervals τ m = t m −t m−1 . We will now discuss equations to calculate these.
The rates u n ,ẋ n , p n ,q n are complementary slack basic solutions of the following pair of LP problems
where by Z, P, U we denote the following sign restrictions: Z = {0} is zero, P = R + is nonnegative and U = R is unrestricted. The sign restrictions, which are determined by the sets of indexes K , J , vary from interval to interval. We say that a basis B of Rates-LP and the corresponding complementary slack dual basis B * of Rates-LP * are admissible if u, p ≥ 0. We say that two bases B n , B n+1 are adjacent if we can go in a single pivot operation from one to the other. The piecewise constant values of u(t),ẋ(t), p(t),q(t) in the solution are given by a sequence of bases B 1 , . . . , B N which are admissible and adjacent. We let: K n = {k :ẋ n k = 0}, J n = { j :q n j = 0}, so that the basic variables of the primal Rates-LP for the nth interval areẋ k , u j where k ∈ K n , j ∈ J n . In the pivot B n → B n+1 , v n leaves the basis and w n enters the basis. The values ofẋ n , u n ,q n , p n can then be calculated from (5) once B 1 , . . . , B N are given.
Next we have time interval equations. If v n =ẋ k then x k (t n ) = 0, and if v n = u j then q j (T − t n ) = 0. We then get the following N − 1 equations for τ 1 , . . . , τ N :
An additional equation is:
It remains to find the boundary values. We let
. We say that B 1 and K 0 are compatible if K 0 ⊆ K 1 , and similarly, B N and J N+1 are compatible if J N+1 ⊆ J N . The solution needs to satisfy these compatibility conditions.
By the definition of K 0 , J 0 , K N+1 , J N+1 and by complementary slackness,
This determines the value 0 for 2K + 2J of the boundary variables. We note however that in contrast to |K n | + |J n | = K and |K n | + |J n | = J for B 1 , . . . , B N , all that we can say for the boundary values is that
The remaining 2K + 2J boundary values need to satisfy two sets of equations. The first boundary equations relate to the constraints at time 0 for the primal and the dual problem:
The second boundary equations relate to the discontinuities of x and q at T :
We can replace x N , q 0 in (10) by
n τ n and q 0 = q N + ∑ N n=1q n τ n . In this form the second boundary equations (10) together with first boundary equations (9) and time interval equations (6), (7) provide a set of 2K + 2J + N equations determining the 2K + 2J boundary values and the N time interval lengths.
We refer to the sequence B 1 , . . . , B N together with J 0 , K 0 , J N+1 , K N+1 , or equivalently to the index sets K n , J n , n = 0, . . . , N + 1 as the base sequence. (1), (2) and assume Non-Degeneracy Assumption 2.3. Let B 1 , . . . , B N be admissible adjacent bases with rates u n ,ẋ n , p n ,q n , n = 1, . . . , N, and let K 0 , J N+1 be compatible with
and τ be a solution of (6)- (10), and let u(t), x(t), p(t), q(t) be constructed from these boundary values, time intervals, and rates. If all the boundary values, all the intervals, all the values x n , q n at the breakpoints, and the limit values x N = x(T −), q 0 = q(T −) are ≥ 0, then this is an optimal solution.
(ii) Conversely, if problems (1), (2) are feasible, then there exists an optimal solution given by a sequence of admissible adjacent bases B 1 , . . . , B N and compatible boundary sets
Proof. (i) The proof is very similar to the proof of part (i) of the structure theorem in [14] . We have τ ≥ 0 and by (7) they add up to T . Hence 0 = t 0 < t 1 < · · · < t N = T is a partition of [0, T ], u(t),ẋ(t), p(t),q(t) are well defined (at all but the breakpoints) piecewise constant and x(t), q(t) are well defined continuous piecewise linear on [0, T ] with a possible discontinuity at T .
To show optimality we need to show that
, satisfy the constraints of (1), (2) as equalities, they are non-negative, and they are complementary slack as in (3) .
The primal and dual constraints hold at t = 0 by (9), hold for all 0 < t < T by integrating both sides of the constraints which involveẋ,q in (5) from 0 to t and hence hold also at t = T by (10) .
Since
Next we show complementary slackness at all but the breakpoints. This is where we need to use the Non-Degeneracy Assumption (2.3), as a result of which the following strict complementary slackness holds for all t except the breakpoints:
The proof of (11) is given in the proof of Theorem 3 in [14] . Finally, complementary slackness holds at time t = 0 and t = T by (8) .
(ii) At this point we assume the Non-Degeneracy Assumption 2.3 and Slater-type condition 2.6, we complete the proof, without these assumptions in Section 4. Let U * (t), P * (t) be a pair of optimal solutions, as described in Theorem 2.8, with piecewise constant rates u(t), p(t) and piecewise linear slacks x(t), q(t), with breakpoints 0 = t 0 < t 1 < · · · < t N = T . We will construct an optimal base sequence from these solutions.
In each interval u,ẋ, p,q are optimal solutions of Rates-LP/LP * (5). By feasibility, complementary slackness and non-degeneracy, u(t),ẋ(t), p(t),q(t) must be basic solutions of the Rates-LP/LP * problems (5), with admissible bases B 1 , . . . , B N . If these are adjacent, the proof is complete. Else, if B n , B n+1 are not adjacent we can go from B n to B n+1 in a sequence of pivots, preserving the admissibility. In this way we will have a new sequence of bases B 1 , . . . , B N which are feasible and adjacent. The boundary values of U * (t), P * (t) will then also determine
It is seen from the structure theorem that the solution is determined by the base sequence K n , J n , n = 0, . . . , N + 1, and if the conditions of the structure theorem are satisfied we call it an optimal base sequence. We refer to the constructed boundary values u 0 , u N , x 0 , x N , p N , p 0 , q N , q 0 , the time partition 0 = t 0 < t 1 < · · · < t N−1 < t N = T , and the control rates and states u(t), x(t), p(t), q(t) as the optimal solution corresponding to the optimal base sequence.
We comment that several Corollaries of Theorem 3 in [14] are also valid here.
Boundary values.
The following corollaries determine some properties of the boundary values, which are used later in the proof of uniqueness in Section 3.4.
Then u 0 , u N and p 0 , p N are optimal primal and dual solutions of the pair of dual LP problems:
Proof. Clearly, in the optimal solution u 0 , u N , p 0 , p N are feasible solutions to (12) , (13), with slacks x N , x 0 for the primal and q 0 , q N for the dual. Furthermore, if x 0 k > 0 so that the corresponding constraint is not tight, then by (8) we have p 0 k = 0, and vice versa, if p 0 k > 0, then by (8) x 0 k = 0, and the corresponding constraint of the primal is tight. The same argument works for the x N k , as well as for the dual slacks. Hence, u 0 , u N , p 0 , p N are feasible complementary slack solutions, and so they are optimal. COROLLARY 3.3. Let the vectors x and q be defined by
Then the same boundary values u 0 , u N and p 0 , p N are also optimal solutions of the following pair of (not dual) LP problems:
Proof. Let U, x, P, q be an optimal solution of M-CLP/M-CLP * , as in the structure Theorem 3.1. Substitute the optimal solution in the objective and constraints of M-CLP, to obtain:
Sinceẋ n , u n satisfy the constraints of the rates LP we have
Keeping all the other optimal values, we see that u 0 , u N , x 0 , x N are optimal solutions of
which is equivalent to modBondary-LP (14) . The proof for the dual boundary values is the same.
3.4. Uniqueness. We now show that optimal solutions of the form described in the structure theorem are unique optimal solutions. We need the following uniqueness condition: THEOREM 3.6. Let U(t), x(t) be an optimal solution as described in the Structure Theorem 3.1. Assume the non-degeneracy assumption 2.3, and assume that β , γ, T satisfy the Uniqueness Condition 3.4. Then U(t), x(t) are the unique optimal solution to M-CLP.
Proof. By Theorem 2.8 U(t) −U(0) is unique on interval (0, T ). Hence, all we need to show is that the boundary values u 0 , u N , x 0 , x N are unique. Assume otherwise. LetŨ(t) be an optimal solution with another set of impulsesũ 0 ,ũ N . By Corollary 3.3,ũ 0 ,ũ N are optimal solutions of (14), with exactly the same constantsǓ and x. Consider then the dual of (14), which has r.h.s [γ, γ + cT ]
T . Under the Uniqueness Assumption 3.4 all feasible basic solutions of this dual are non-degenerate. This implies that the optimal solution of (14) is unique, and we have shown thatũ 0 = u 0 ,ũ N = u N . As a result also x 0 , x N are also unique.
3.5. Validity regions. DEFINITION 3.7. Let K n , J n , n = 0, . . . , N + 1 be a base sequence. Let T be the set of all β , γ, T for which this base sequence is optimal. Then T is called the validity region of K n , J n , n = 0, . . . , N + 1. THEOREM 3.8. The validity region T of a base-sequence K n , J n , n = 0, . . . , N + 1 is a convex polyhedral cone.
Proof. Let K n , J n , n = 0, . . . , N +1 be an optimal base sequence for at least one (β , γ, T ) and let
For a given a column index set N we use the following notations: A N is the matrix composed of the corresponding columns of the matrix A. I [N ] is the matrix obtained from the unit matrix I by replacing the diagonal elements with indexes in N by the value 0.
We also define following matrices: S is the (N − 1) × N matrix of theẋ,q coefficients of the time interval equations (6). E 1 is the (N − 1) × K matrix composed of: E 1 n,k = 1 if for the time interval equations of t n : v n =ẋ k and x 0 k ∈ K 0 , otherwise E 1 n,k = 0. E 2 is the (N − 1) × J matrix composed of: E 2 n, j = 1 if for the time interval equations of t n : v n = u j and q N j ∈ J N+1 , otherwise E 2 n, j = 0. E 3 is the (NK) × K matrix where the left ((N − 1)K) × K block is a zero matrix and the right K × K block is a unit matrix. E 4 is the (NJ) × J matrix where left ((N − 1)J) × J block is a zero matrix and right J × J block is a unit matrix.
Given A, b, c, the base sequence K n , J n , n = 0, . . . , N + 1 determines all the coefficients of the matrix M. It follows from the Structure Theorem 3.1 that:
Any combination of β , γ, T ≥ 0 and ν ≥ 0 that solves (17) presents an optimal solution ν with the base sequence K n , J n , n = 0, . . . , N + 1, and with β , γ, T in the validity region of the base sequence.
One can immediately see that for any θ > 0, K n , J n , n = 0, . . . , N + 1 is the optimal base sequence for the boundary values θ (β , γ, T ), with the optimal solution θ ν. Similarly, if (β * , γ * , T * ) is in the validity region, with solution ν * , then (β , γ, T ) + (β * , γ * , T * ) is in the validity region, with the solution ν + ν * . Hence T is a convex cone.
Furthermore, the image under the linear transformation presented by M of the convex non-negative orthant, intersected with the planes 0 at all the coordinates except β , γ, T and intersected with T ≥ 0, is the validity region of the base sequence. This is obviously a convex polyhedral cone.
The following corollary follows immediate from Theorem 3.8. COROLLARY 3.9. Let (θ ) = (β (θ ), γ(θ ), T (θ )) = (β , γ, T ) + θ (δ β , δ γ, δ T ) be a straight line of boundary parameters. As θ changes, within the validity region of a single base-sequence, each of the interval lengths τ i , each of boundary values u 0
j , q 0 j and each of x k (t n ), q j (T (θ ) − t n ) are affine functions of θ . Proof. The proof for τ i , x k (t n ), q j (T (θ ) − t n ) is the same as in the proof of Theorem 5 in [14] . The proof for the boundary values follows from the proof of convexity in Theorem 3.8.
4. Strong duality without Slater-type condition. THEOREM 4.1. If M-CLP and M-CLP * are feasible, then both have optimal solutions, and there is no duality gap Proof. We denote by M-CLP(β , γ, b, c, T ) the M-CLP problem with parameters β , γ, b, c, T . Assume M-CLP/M-CLP * (β , γ, b, c, T ) are feasible. Assume the Slater type condition 2.6 does not hold, otherwise there is nothing to prove. We will now construct an optimal solution for this problem. We choose some α > 0. For 0 < θ ≤ 1, let β * (θ ) = β + αθ 1 K , γ * (θ ) = γ − αθ 1 J , where 1 K , 1 J are vectors of 1's of appropriate dimension. If Non-Degeneracy Assumption 2.3 does not hold we choose vectors ε, δ such that for all 0 < θ ≤ 1 b * (θ ) = b + εθ and c * (θ ) = c + δ θ are in general position to the matrices [A I] and [A T I] respectively, and also α1 K + εT > 0, α1 J − δ T > 0, otherwise ε, δ = 0. It is clear that M-CLP/M-CLP * (β * (1), γ * (1), b * (1), c * (1), T ) are feasible and satisfy the Slater type condition, and therefore have strongly dual optimal solutions by Theorem 2.7. Furthermore, Non-Degeneracy Assumption 2.3 holds for b * (1), c * (1), and hence by part (ii) of the proof of the Structure Theorem 3.1 the solution can be represented by an optimal base sequence J n , K n , n = 0, . . . , N + 1. Consider now a parametric family of problems
, c * (θ ), T ) will still be strictly feasible and will satisfy Non-Degeneracy Assumption 2.3, and hence have optimal solutions represented by an optimal base sequence. Such a base sequence will be valid for some interval [θ m , θ m+1 ] by Theorem 3.8. By part (i) of Theorem 2.8 all bases in an optimal base sequence are distinct, and so the total number of optimal base sequences is finite. Therefore we have a finite partition
where each interval belongs to a validity region of some optimal base sequence. The base sequence of the last interval is an optimal base sequence for M-CLP(β , γ, b, c, T ), with an optimal solution.
Completion of proof of Theorem 3.1(ii). This now follows immediately from Theorem 4.1 and its proof. COROLLARY 4.2. One of the following statements about M-CLP and M-CLP * is true: (i) both are feasible and have optimal solution without duality gap, or (ii) both are infeasible, or (iii) one of the problems is infeasible and the other is unbounded.
Proof. Consider the Test-LP problem (4) [13] the same will be true for any discretization (see problem (10) in [13] ), and it follows that M-CLP is unbounded.
Relations between M-CLP and SCLP.
We now discuss the relation between SCLP (separated continuous linear programs) and M-CLP. In [14] SCLP is formulated as:
with a symmetric dual
and constant vectors and matrices G, F, H, α, a, b, γ, c, d. These problems do not in general satisfy strong duality. Examples are given in Section 6.3. DEFINITION 5.1 (Definition 2.1 in [13] ). Consider the SCLP problem (18). Then the M-CLP problem with the following data: Proof. (i) Let u(t), x(t) be a feasible solution of SCLP. We define the following:
One can see thatŨ * (t),Ũ s (t) is non-decreasing functions, whileŨ f (t) is monotonic in each coordinate, and hence could be represented asŨ f (t) =Ũ + (t) −Ũ − (t), whereŨ + (t),Ũ − (t) are non-decreasing functions. Then the resultingŨ(t) = [Ũ * (t)Ũ s (t)Ũ + (t)Ũ − (t)] satisfies the constraints of the M-CLP extension.
(ii) The proof is the same as the proof of Theorem 2.2(iii) in [13] , except that existence of optimal solution for M-CLP/M-CLP * and its modifications is guaranteed without the Slatertype condition.
(iii) Assume in contrary, that for SCLP exists finite upper bound Ψ. Let u * (t), x * (t) be feasible solution of SCLP. We consider now the following discretization of the M-CLP extension of SCLP, we call dSCLP:
where θ is a small number defined below.
Taking a feasible solution of the SCLP, extending it to a feasible solution of the M-CLP extension as described in proof of (i) and setting:
one can obtain a feasible solution of dSCLP (20). Conversely, any feasible solution of dSCLP can be extended to a feasible solution of the M-CLP extension:
This solution can be further extended to a feasible solution of SCLP, by settingũ(t) = dŨ * (t) dt andx(t) =Ũ + (t) −Ũ − (t). Moreover, for objective values of corresponding solutions:
. We now write the constraints of the dual of dSCLP:
One can see that at θ = 0 constraints (22) are identical to the constraints of the discretization of M-CLP * and hence infeasible. From LP theory follows that one can find θ 1 > 0 small enough, such that (22) still be infeasible for θ = θ 1 . This determines our choice of θ .
Finally, because dSCLP is feasible and (22) is not, it follows that dSCLP is unbounded.
This contradicts our assumption and hence SCLP is unbounded.
(iv) Sufficiency is already shown in Theorem 2.2(iii) in [13] . Necessity: Let u * (t), x * (t) be an optimal solution of SCLP. Then, we can find an absolutely continuous function x * * (t), such that u * (t), x * * (t) is also optimal solution of SCLP (see Theorem 7.8 in [2] ). We now write x * * (t) as the difference of two non-decreasing absolutely continuous functions x * * (t) =Ũ + (t) −Ũ − (t). Let u s (t) be the slacks of the constraints Hu(t) ≤ b, and letŨ
satisfies the constraints of the M-CLP extension, with the same objective value and hence it is optimal for the M-CLP extension by (ii) and (iii).
Illustrative examples.
Here we give some examples that motivate our research and describe important properties of M-CLP solutions. In Section 6.1 we describe all possible solutions for one dimensional M-CLP problems, with K = J = 1. In Section 6.2 we present an example of an M-CLP problems with K, J = 2, which we solve for all time horizons 0 < T < ∞, to illustrate how the solution evolves over over changing time horizons. Finally, in Section 6.3 we present examples of SCLP problems, which do not satisfy strong duality with SCLP * .
6.1. One-dimensional cases. Let J = K = 1, so that M-CLP/M-CLP * are parametrized by the five values of a, β , b, γ, c. The nature of the solution depends only on the signs of these parameters, so there are 32 cases. Because the dual for a, β , b, γ, c is in fact the primal problem with −a, −γ, −c, −β , −b, we get all the different cases by considering the primal and the dual solutions for a > 0 and the 16 sign combinations of β , b, γ, c. Without loss of generality we rescale the problem and set a = 1. We will consider all 16 cases, and describe the solutions as a function of T .
Even with these very small one dimensional examples we will demonstrate many of the features of the solutions, as described in the structure theorem:
• Four of the cases have feasible primal and dual solutions for all 0 ≤ T < ∞.
• Four of the cases have feasible primal and dual solutions for 0 ≤ T ≤ T for some finite T but are primal infeasible with unbounded duals for T > T .
• Eight of the cases are primal infeasible for all T , with unbounded duals.
• Impulse controls are sometimes used, both at times 0 and T .
• The boundary values may be constant or they may vary linearly with T .
• The state variables may be discontinuous at time T , in which case they have a jump down to 0.
• When the Uniqueness Condition 3.4 does not hold the solution may be non-unique.
• Solutions for small T are single interval solutions for all cases. For larger T they may require two intervals. We now describe the solution for the various cases. We give a brief description of the solutions in the eight feasible cases, and display the solutions in Figures 6.1-6.8 . In each figure we plot the right hand side of the primal, the objective coefficients of the primal, the primal solution, and the dual solution which is running in reversed time. In the plots of the solutions we draw the cumulative controls U(t), P(t) where we put an up-arrow to denote impulses, and the states (the slacks) x(t), q(t).
Feasible for all T . When β > 0, b > 0 the primal and dual are feasible and bounded for all 0 ≤ T < ∞.
Here the optimal primal solution is to use U(t) = β + bt, with an impulse at 0, and the optimal dual solution is to use P(t) = γ + ct with an impulse at 0. The slacks are x(t) = q(t) = 0.
Here the optimal primal solution is to use a single impulse at time T , so U(t) = 0, t < T and U(T ) = β + bT . The slack x(t) is discontinuous at T : x(t) = β + bt, 0 ≤ t < T , x(T ) = 0, with a jump x(T − ) − x(T ) = β + bT . The optimal dual solution is to have P(t) = γ with a single impulse at 0, and q(t) = −ct.
Primal solution Dual solution
Dual solution
Primal solutions 
Here the primal control is constant U(t) = β + bT with impulse at 0, and slack x(t) = −b(T − t), and the dual control is constant P(t) = γ + cT with impulse at 0, and slack q(t) = c(T − t).
P(t)
Primal solution
Here the primal control is U(t) = 0, t < T, U(T ) = β + bT with impulse at T , and slack x(t) = β + bt, t < T, x(T ) = 0, with a downward jump x ↓ = β + bT at T , similar to Case 2. The dual control is P(t) = γ, with an impulse at 0, and slack q(t) = −ct.
Primal solutions
Dual solution 
The primal control is U(t) = β + bT with impulse at 0 and slack x(t) = −b(T −t), and the dual control is P(t) = γ + cT with impulse at 0 and slack q(t) = −c(T −t). Case 8: β > 0, b < 0, γ < 0, c < 0. This is similar to Case 4. The primal and dual controls are U(t) = P(t) = 0 and the primal and dual slacks are x(t) = β + bt, q(t) = −γ − cT .
Infeasible for all T . When β < 0 the primal problem is infeasible, and the dual problem is unbounded, for all 8 sign combinations of b, γ, c.
6.2. 2×2 example. One-dimensional examples are too simple to show all the possible diversity of M-CLP solutions. For better illustration of this diversity we need to consider J = K = 2. We present the solution of a 2×2 problem which is primal and dual feasible for all T . It illustrates how the solution evolves over time. EXAMPLE 6.2.1. The problem data are:
Initially, for small T , this problem has a single interval solution. It is given by:
and it is valid for time horizons 0 ≤ T ≤ The objective value for this T is z = 131/6. The solution for time horizon T = 1 and θ = 1 is displayed in Figure 6 .11. Here SCLP has no optimal solution if α > 0, but does have the optimal solution u(t) = a if α = 0.
Case 2: SCLP/SCLP * are feasible, but SCLP has no optimal solution. Consider an SCLP problem with the following data:
Both SCLP/SCLP * are feasible for all T ≥ 0. Moreover, for T < − γ c both SCLP and SCLP * have optimal solutions: u(t) = 0, x(t) = α + at, p(t) = 0, q(t) = γ + ct with objective value 0.
For T > − γ c the M-CLP/M-CLP * extensions of this problem are described as Case 2 in Section 6.1. M-CLP * has an absolutely continuous solution P(t), and so SCLP * is solved by p(t) = dP(t) dt . However, for T > − Case 3: SCLP/SCLP * are feasible and bounded, but both have no optimal solutions. Consider an SCLP problem with following data:
For T ≤ 2 both SCLP and SCLP * have the following optimal solutions:
with objective value 0. For 2 < T ≤ 3 SCLP has no optimal solution, but SCLP * has an optimal solution: p 1 (T − t) = 0, q 1 (T − t) = 2 − t for t < 2, p 1 (T − t) = 1, q 1 (T − t) = 0 for 2 ≤ t ≤ T , p 2 (T − t) = 0, q 2 (T − t) = 1 + 6t for all t ≤ T . The corresponding objective values satisfy:
supV (SCLP) = V (SCLP * ) = 10 − 9T + 2.5T 2 .
For T > 3 SCLP/SCLP * are feasible but both have no optimal solutions. The M-CLP/M-CLP * extensions have optimal solutions: U 1 (t) = 1 + 5t, x 1 (t) = 0, P 1 (T − t) = t, q 1 (T − t) = 0 for t ≤ T − 2, U 1 (t) = 5T − 9, x 1 (t) = 5t, P 1 (T − t) = 0, q 1 (T − t) = 2 − t for t > T − 2 U 2 (t) = 0, x 2 (t) = 3 − t, P 2 (T − t) = 6T − 17, q 2 (t) = 6t for t ≤ 3 U 2 (t) = t, x 2 (t) = 0, P 2 (T − t) = 1 + 6t, q 2 (t) = 0 for t > 3 The objective values satisfy:
supV (SCLP) = V (M-CLP) = V (M-CLP * ) = supV (SCLP * ) = −14 + 8T − 0.5T 2
